Abstract. Let k be a field and let Λ be a finite dimensional k-algebra. We prove that every bounded complex V ‚ of finitely generated Λ-modules has a well-defined versal deformation ring RpΛ, V ‚ q which is a complete local commutative Noetherian k-algebra with residue field k. We also prove that nice two-sided tilting complexes between Λ and another finite dimensional k-algebra Γ preserve these versal deformation rings. Additionally, we investigate stable equivalences of Morita type between self-injective algebras in this context. We apply these results to the derived equivalence classes of the members of a particular family of algebras of dihedral type that were introduced by Erdmann and shown by Holm to be not derived equivalent to any block of a group algebra.
Introduction
The main objective of the theory of deformations of algebraic objects, such as modules or group representations, is to study the behavior of these objects under perturbations. Suppose O is a complete local commutative Noetherian ring with residue field k, Λ O is an O-algebra and Λ " k b O Λ O . If V is a Λ-module of finite k-dimension, the deformations of V are defined to be isomorphism classes of lifts of V over complete local commutative Noetherian O-algebras R with residue field k. Here a lift of V over R is an R b O Λ O -module M that is free over R, together with a Λ-module isomorphism φ : k b R M Ñ V .
Lifts and deformations of this kind were studied by Green in [18] in the 1950's in the case when O is a ring of p-adic integers, for some prime number p, and Λ O is the group algebra of a group G over O. Green's work inspired Auslander, Ding and Solberg in [1] to consider more general O-algebras Λ O and more general lifting problems. In the 1970's Laudal developed a theory of formal moduli of algebraic structures, and he used Massey products to describe deformations of kalgebras and their modules over complete local commutative Artinian k-algebras with residue field k (see [23] and its references). In the 1980's Mazur developed a theory of deformations of group representations to systematically study p-adic lifts of representations of profinite Galois groups over finite fields of characteristic p (see [25, 26] ). Both Laudal and Mazur used Schlessinger's criteria in [32] for the pro-representability of functors of Artinian rings. One advantage of Mazur's approach is that he uses a continuous deformation functor, which allows him to include the deformations over arbitrary complete local commutative Noetherian O-algebras with residue field k directly in his functorial description and not just as inverse limits. In particular, Mazur proved in [25] that a finite dimensional Galois representation over a finite field always has a versal deformation ring, and in the case when the representation is absolutely irreducible that this versal deformation ring is universal. In [9] , Mazur's approach was used by the authors to study deformation rings and deformations of modules for arbitrary finite dimensional k-algebras Λ when O " k, and to provide additional structure theorems in the case when Λ is self-injective or Frobenius.
Let now k be a field of arbitrary characteristic, let O " k, and let Λ " Λ O be a finite dimensional k-algebra. Our first goal is to generalize the deformation theory for finitely generated Λ-modules in [9] to bounded complexes of finitely generated Λ-modules. We accomplish this goal in Section 2. Many of our techniques are based on the generalization of Mazur's deformation theory to bounded complexes of Galois representations in [5, 6] .
More precisely, let D´pΛq be the derived category of bounded above cochain complexes of pseudocompact Λ-modules (see Section 2.1 for a review of pseudocompact rings and modules). The following is our first main result (see Theorem 2.1.12 for a more precise statement): Theorem 1.1. Let V ‚ be an object of D´pΛq such that V ‚ only has finitely many non-zero cohomology groups, all of which have finite k-dimension. Then V ‚ always has a versal deformation ring RpΛ, V ‚ q which is a complete local commutative Noetherian k-algebra with residue field k. Moreover, RpΛ, V ‚ q is universal if the endomorphism ring of V ‚ in D´pΛq is isomorphic to k.
Additionally, we prove that the case of modules corresponds to the case when V ‚ has precisely one non-zero cohomology group. The main challenge of the proof of Theorem 1.1 is to ensure that the arguments in [5, 6] can be modified to work for arbitrary finite dimensional k-algebras Λ that may be neither Frobenius nor self-injective.
Note that we provide more details concerning the continuity of our deformation functor than were provided for the deformation functor defined in [6] . This can also be used to better explain the arguments used to prove [6, Prop. 7 .2]; see Remark 2.4. 5 .
There has been a lot of interest in classifying finite dimensional k-algebras up to derived or stable equivalences. One of the most famous conjectures in this context is Broué's conjecture that blocks of group rings of finite groups G with an abelian defect group D are derived equivalent to blocks of the normalizer of D in G (see [10, 31] and their references). This conjecture has spurred a lot of work on derived equivalences for more general algebras. For example, Rickard proved in [29] that two finite dimensional k-algebras Λ and Γ are derived equivalent if and only if there is a derived equivalence between them that is given by the left derived tensor product functor with a so-called two-sided tilting complex. Such a derived equivalence is also called a standard derived equivalence. It is then a natural question to ask whether standard derived equivalences preserve versal deformation rings of complexes V ‚ as in Theorem 1.1. In [30] , Rickard showed that if Λ and Γ are derived equivalent block algebras for finite groups then one can choose the two-sided tilting complex providing the standard derived equivalence to be particularly nice (namely, to be a split-endomorphism two-sided tilting complex). In [3] , it was shown that such nice two-sided tilting complexes indeed preserve versal deformation rings when Λ and Γ are block algebras.
Our second goal, accomplished in Section 3, is to provide a variation on "niceness" of two-sided tilting complexes that works for arbitrary finite dimensional algebras (see Definition 3.1.1). This leads to our second main result (see Theorem 3.1.5 for a more precise statement): Theorem 1.2. Suppose Γ is another finite dimensional k-algebra such that Λ and Γ are derived equivalent. Then there exists a nice two-sided tilting complex P ‚ of finitely generated Γ-Λ-bimodules such that if V ‚ is a bounded complex of finitely generated Λ-modules and
then the versal deformation rings RpΛ, V
‚ q and RpΓ, V 1 ‚ q are isomorphic.
To prove Theorem 1.2, the main challenge is again to modify the arguments in [3] so that they work for arbitrary finite dimensional k-algebras Λ that may be neither Frobenius nor self-injective.
In [29] , Rickard proved that if Λ and Γ are self-injective derived equivalent k-algebras, then there is a stable equivalence of Morita type between them, as introduced by Broué in [11] . Such stable equivalences of Morita type provide especially well-behaved equivalences between the stable module categories of Λ and Γ. On the other hand, not every stable equivalence of Morita type between self-injective algebras is induced by a derived equivalence (see, for example, [13] and its references). Therefore, we prove in Proposition 3.2.6 that arbitrary stable equivalences of Morita type between self-injective algebras preserve versal deformation rings of modules.
In Section 4, we show how the main results from Sections 2 and 3 can be applied to the derived equivalence classes of the members of a particular family of algebras of dihedral type that was introduced by Erdmann in [14] and denoted by Dp3Rq. Note that Holm showed in [19, Sect. 3.2] that none of the algebras in the family Dp3Rq is derived equivalent to a block of a group algebra. Let Λ 0 be a particular algebra in the family Dp3Rq. Theorems 4.2.2, 4.2.4 and Proposition 4.2.5 demonstrate how the knowledge of the universal deformation rings of certain Λ 0 -modules can be used to determine the universal deformation rings of modules for another algebra Λ that is just known to be derived equivalent to Λ 0 .
We would like to thank the referees for helpful comments which helped improve the readability of the paper. Convention 1.3. Throughout this paper "complex" means "cochain complex." The degree n term of a complex C ‚ is denoted by C n and its degree n differential is denoted by δ n " δ n C : C n Ñ C n`1 . Even if we apply contravariant functors to cochain complexes, we shall assume, without saying this explicitly, that the terms of the resulting complexes are renumbered in order to regain cochain complexes. Thus, for example, the k-dual Hom k pV ‚ , kq of a bounded complex V ‚ of Λ-modules will have degree n term given by Hom k pV´n, kq.
If C ‚ is a complex and i is an integer, then C ‚ ris is the complex obtained by "shifting C ‚ to the left by i places." More precisely, the degree n term of C ‚ ris is C n`i and the degree n differential of C ‚ ris is p´1q i δ n`i C . Our complexes are either bounded above, i.e. complexes C ‚ with C n " 0 for n ąą 0, or bounded, i.e. complexes C ‚ with C n " 0 for all but finitely many n.
Versal deformation rings for complexes over finite dimensional algebras
In [5, 6] , it was proved that if k is a field of positive characteristic, G is a profinite group satisfying a certain finiteness condition and V ‚ is quasi-isomorphic to a bounded complex of pseudocompact rrkGss-modules, then V ‚ always has a versal deformation ring. Moreover, it was proved that if the endomorphism ring of V ‚ in the derived category of bounded above complexes of pseudocompact rrkGss-modules is isomorphic to k, then this versal deformation ring is universal.
It is the goal of this section to prove an analogous result when k is an arbitrary field and rrkGss is replaced by an arbitrary finite dimensional k-algebra Λ. In Section 2.1, we will recall some results on pseudocompact rings and modules, define quasi-lifts and deformations of complexes, and state our main result of this section, Theorem 2.1.12. In Section 2.2, we analyze the structure of quasilifts over Artinian rings. In Section 2.3, we provide some more results on complexes and quasi-lifts. In Section 2.4, we prove Theorem 2.1.12. In Section 2.5, we consider quasi-lifts of one-term and two-term complexes, and completely split complexes.
Pseudocompact rings and modules, quasi-lifts, and deformations of complexes.
Recall from [12] that a pseudocompact ring Ω is a complete Hausdorff topological ring that admits a system of open neighborhoods of 0 consisting of two-sided ideals I for which Ω{I is an Artinian ring. In particular, every finite dimensional algebra Λ over any field k is a pseudocompact ring, by choosing all two-sided ideals of Λ as an open neighborhood basis of 0. In other words, Λ is a pseudocompact ring with the discrete topology. Moreover, since k is a commutative pseudocompact ring (again with the discrete topology), Λ is a pseudocompact k-algebra. A Λ-module M is called pseudocompact if M is a complete Hausdorff topological Λ-module that has a basis of open neighborhoods of 0 consisting of submodules N for which M {N has finite length as Λ-module. In particular, each finitely generated Λ-module M is pseudocompact, by choosing all submodules of M as an open neighborhood basis of 0 (i.e. by giving M the discrete topology). The category of pseudocompact Λ-modules is an abelian category; see below for more details. Let D´pΛq be the derived category of bounded above complexes of pseudocompact Λ-modules. Hypothesis 1. Throughout this paper, we assume that k is an arbitrary field, Λ is a finite dimensional k-algebra, and V ‚ is a complex in D´pΛq that has only finitely many non-zero cohomology groups, all of which have finite k-dimension.
DefineĈ to be the category of all complete local commutative Noetherian k-algebras with residue field k. The morphisms inĈ are continuous k-algebra homomorphisms that induce the identity on k. Let C be the full subcategory of Artinian rings inĈ.
For R P ObpĈq, define RΛ " R b k Λ. Then R is a commutative pseudocompact ring, and RΛ is a pseudocompact R-algebra. Define PCModpRΛq to be the category of pseudocompact RΛ-modules.
Pseudocompact rings, algebras and modules have been studied, for example, in [16, 17] and [12] . For the convenience of the reader, we state some useful facts from these references.
Remark 2.1.1. Let R P ObpĈq.
(i) The ring RΛ is the inverse limit of Artinian quotient rings. An RΛ-module is pseudocompact if and only if it is the inverse limit of RΛ-modules of finite length. Moreover, an RΛ-module has finite length if and only if it has finite length as an R-module. The category PCModpRΛq is an abelian category with exact inverse limits. (ii) A pseudocompact RΛ-module M is said to be topologically free on a set X " tx i u iPI if M is isomorphic to the product of a family pRΛ i q iPI where RΛ i " RΛ for all i. Every topologically free pseudocompact RΛ-module is a projective object of PCModpRΛq, and every pseudocompact RΛ-module is the quotient of a topologically free RΛ-module. Hence PCModpRΛq has enough projective objects. (iii) Suppose M and N are pseudocompact RΛ-modules. Then we define the right derived functors Ext n RΛ pM, N q by using a projective resolution of M in PCModpRΛq.
Remark 2.1.2. Let R be an object ofĈ with maximal ideal m R . Suppose that pR{m i R qX i denotes an abstractly free pR{m i R q-module on the finite topological space X i for all i, and that tX i u i forms an inverse system. Define X " lim Remark 2.1.3. Suppose R P ObpĈq, and Ω " R or Ω " RΛ. Let M be a right (resp. left) pseudocompact Ω-module.
(i) Letb Ω denote the completed tensor product in the category PCModpΩq (see [12, Sect. 2] For R P ObpĈq, let C´pRΛq be the abelian category of complexes of pseudocompact RΛ-modules that are bounded above, let K´pRΛq be the homotopy category of C´pRΛq, and let D´pRΛq be the derived category of K´pRΛq. Let r1s denote the translation functor on C´pRΛq (resp. K´pRΛq, resp. D´pRΛq), i.e. r1s shifts complexes one place to the left and changes the signs of the differentials (see Convention 1.3). Recall that a homomorphism in C´pRΛq is a quasi-isomorphism if and only if the induced homomorphisms on all the cohomology groups are bijective.
Remark 2.1.4. Let R P ObpĈq, and let P R be the additive subcategory of PCModpRΛq of projective objects. By Remark 2.1.1(ii) and [34, Thm. 10.4.8] , the natural functor K´pP R q Ñ D´pRΛq is an equivalence of triangulated categories. Let σ R : D´pRΛq Ñ K´pP R q be a quasi-inverse.
Suppose S is a pseudocompact R-module. In the case when S P ObpĈq and there exists a morphism α : R Ñ S inĈ defining the R-module structure on S, let R S " S. In all other cases, let R S " R. Consider the completed tensor product functor 
The following definitions and remarks are adapted from [6, Sect. 2] to our situation. Note that we follow Illusie's definition of finite tor dimension as given in [20, Def. 5.2] (see also [15, Sect. 8.3.6] ). Definition 2.1.5. We will say that a complex M ‚ in K´pRΛq has finite pseudocompact R-tor dimension, if there exists an integer N such that for all pseudocompact R-modules S, and for all
If we want to emphasize the integer N in this definition, we say M ‚ has finite pseudocompact R-tor dimension at N .
Remark 2.1.6. Suppose M ‚ is a complex in K´pRΛq of topologically flat, hence topologically free, pseudocompact R-modules that has finite pseudocompact R-tor dimension at N . Then the bounded complex
‚ and has topologically free pseudocompact terms over R. Definition 2.1.7. Let R be an object ofĈ. A quasi-lift of V ‚ over R is a pair pM ‚ , φq consisting of a complex M ‚ in D´pRΛq that has finite pseudocompact R-tor dimension together with an
‚ over R is an isomorphism class of quasi-lifts of V ‚ over R. We denote the deformation of V ‚ over R represented by pM ‚ , φq by rM ‚ , φs. A proflat quasi-lift of V ‚ over R is a quasi-lift pM ‚ , φq of V ‚ over R whose cohomology groups are topologically flat, and hence topologically free, pseudocompact R-modules. A proflat deformation of V ‚ over R is an isomorphism class of proflat quasi-lifts of V ‚ over R.
Remark 2.1.8. There exist quasi-lifts that are not isomorphic to proflat quasi-lifts in D´pRΛq. For example, suppose Λ " k and V ‚ " k 0 Ý Ñ k is the two-term complex concentrated in the degrees´1 and 0 with trivial differential. Then the two-term complex M ‚ " krrtss t Ý Ñ krrtss concentrated in the degrees´1 and 0 defines a quasi-lift of V ‚ over krrtss. However, since M ‚ is isomorphic to the one-term complex krrtss{tkrrtss -k concentrated in degree 0, this quasi-lift is not isomorphic to a proflat quasi-lift of V ‚ over krrtss.
Remark 2.1.9. The following two statements are proved in the same way as [6, Lemmas 2.9 and 2.11] by using Remark 2.1.1(ii) and the fact that a bounded above complex of topologically free pseudocompact modules whose cohomology groups are all topologically free splits completely.
(i) Suppose R P ObpĈq and pM ‚ , φq is a quasi-lift of V ‚ over R. Then there exists a quasilift pP ‚ , ψq of V ‚ over R that is isomorphic to pM ‚ , φq such that the terms of P ‚ are topologically free pseudocompact RΛ-modules.
(ii) Suppose R P ObpĈq and pM ‚ , φq is a proflat quasi-lift of V ‚ over R. Then H n pM ‚ q is an abstractly free R-module of rank d n " dim k H n pV ‚ q for all n. Moreover, for any R 1 P ObpĈq and for any morphism α : R Ñ R 1 inĈ, there is a natural R 1 -linear isomorphism
Definition 2.1.10. LetF "F V ‚ :Ĉ Ñ Sets (resp.F fl "F fl V ‚ :Ĉ Ñ Sets) be the map that sends an object R ofĈ to the setF pRq (resp.F fl pRq) of all deformations (resp. all proflat deformations) of V ‚ over R, and that sends a morphism α : R Ñ R 1 inĈ to the set mapF pRq ÑF pR 1 q
be the restriction ofF (resp. F fl ) to the subcategory C of Artinian rings inĈ. In the following, we will use the subscript D to denote the empty condition if we consider the mapF , and the condition of having topologically free cohomology groups if we consider the mapF fl . In particular, the notationF D will be used to refer to bothF andF fl . Let krεs, where ε 2 " 0, denote the ring of dual numbers over k. 
The following theorem is the main result of Section 2. 
s is surjective, and this map is bijective if R is the ring of dual numbers krεs over k where ε 2 " 0. In general, the isomorphism type of the pair consisting of the pro-representable hull R D pΛ, V ‚ q and the deformation rU D pΛ,
Definition 2.1.14. Using the notation of Theorem 2.1.12 and Remark 2.1.13, ifF D "F then we call R D pΛ, V ‚ q " RpΛ, V ‚ q the versal deformation ring of V ‚ and the deformation rU pΛ, 
Proof. In view of Remark 2.2.2(iii), the main ingredient in the proof is the following claim, which is proved using similar arguments as in the proof of [6, Lemma 3.4(i)]. Claim 1. Suppose N ‚ is an object of Df in pRΛq satisfying H j pN ‚ q " 0 for j ă n. Then there exists an exact sequence of complexes
in Cf in pRΛq such that U ‚ is acyclic, and such that the terms of N 1 ‚ have finite k-length and satisfy 
1´1 as morphisms in Df in pRΛq. 
Proof. By Lemma 2.2.3(i), we may assume that M ‚ is a bounded above complex of abstractly free finitely generated RΛ-modules. Hence all terms of M ‚ are abstractly free finitely generated R-modules. By Remark 2.1.6, there exists an integer n 1 ď n such that M n1 {δ n1´1 pM n1´1 q is a topologically free pseudocompact R-module. Since M n1 is a finitely generated R-module, it follows that this is an abstractly free finitely generated R-module. To prove Lemma 2.2.5, it is enough to show that M n {δ n´1 pM n´1 q is an abstractly free finitely generated R-module. This is proved exactly in the same way as in the proof of [6, Lemma 3.8].
Remark 2.2.6. Suppose R P ObpCq is Artinian. Using Lemma 2.2.3(i) together with Remark 2.1.6 and Lemma 2.2.5, it follows that every object M ‚ of Df in pRΛq is isomorphic in Df in pRΛq to a bounded complex M 1 ‚ such that all terms of M 1 ‚ are abstractly free finitely generated R-modules and such that all its terms, except possibly its leftmost non-zero term, are actually abstractly free finitely generated RΛ-modules.
The following remark replaces [6, Cors. 3.10 and 3.11] in our situation. Note that since Λ is already Artinian, we do not need to deal with quotient algebras of Λ.
Remark 2.2.7. Suppose R, S, T P ObpCq are Artinian rings with morphisms
‚ be an object of Df in pRΛq, and let Z ‚ be an object of Df in pSΛq. Suppose τ : Tb
where σ R pX ‚ q (resp. σ S pZ ‚ q) is an object of K´pP R q (resp. K´pP S q) and there exists an isomorphism ρ X :
‚ q and ρ X (resp. σ S pZ ‚ q and ρ Z ) are in Df in pRΛq (resp. Df in pSΛq). By Lemma 2.2.3(i), there exists a bounded above complexX ‚ (resp.Z ‚ ) of abstractly free finitely generated RΛ-modules (resp. SΛ-modules) and an isomorphismβ :
are objects in K´pP R q (resp. K´pP S q), β (resp. γ) can be taken to be a morphism in
is an isomorphism in Kf in pT Λq, and τ : Tb S σ S pZ ‚ q Ñ Tb R σ R pX ‚ q can be taken to be a morphism in Kf in pT Λq. Define
Then we can replace X ‚ (resp. Z ‚ ) byX ‚ (resp.Z ‚ ), in the sense of Definition 2.2.4, and we can replace τ byτ . Note that β (resp. γ) only depends onX ‚ andβ (resp.Z ‚ andγ).
Using Remark 2.1.9(i), the following result is proved in a similar way to [6, Lemma 3.1].
The following result summarizes the main properties of quasi-lifts and proflat quasi-lifts of V ‚ over arbitrary objects R inĈ. The proof is very similar to the proof of [7, Thm. 2.10], once we replace the results from [6] by the corresponding results stated above. For the convenience of the reader, we provide some of the details.
‚ , ψq for a complex P ‚ with the following properties:
The terms of P ‚ are topologically free RΛ-modules.
(ii) The cohomology group H i pP ‚ q is finitely generated as an abstract R-module for all i, and
Proof. Let R be an object ofĈ, and let pM ‚ , φq be a quasi-lift of V ‚ over R. By Remark 2.1.9(i), it follows that there exists a quasi-lift pP ‚ , ψq of V ‚ over R that is isomorphic to the quasi-lift pM ‚ , φq such that P ‚ satisfies property (i). It remains to verify properties (ii) and (iii). By (i), we can assume that the terms of P ‚ are topologically free pseudocompact RΛ-modules. In particular, the functors´b L R P ‚ and´b R P ‚ are naturally isomorphic. Let m R denote the maximal ideal of R, and let n be an arbitrary positive integer. By Lemmas 2.2.5 and 2.2.8,
pR{m n R qb R P ‚ and since by Remark 2.1.1(i), the category PCModpRq has exact inverse limits, it follows that for all pseudocompact R-modules S
or all i. Hence Theorem 2.2.9 follows.
2.3.
More results on complexes and quasi-lifts. In this subsection, we first provide some results from Milne [27] , which are adapted from [6, Sect. 14] to our situation. Note that in [27, Lemma VI.8.17] (resp. [27, Lemma VI.8.18]), the condition "π is surjective on terms" (resp. "ψ is surjective on terms") is necessary in the statement.
‚ is a complex of topologically free pseudocompact RΛ-modules, there exists a morphism ψ :
Remark 2.3.2. Suppose R, R 0 P ObpĈq such that R 0 is a quotient ring of R. We write X Ñ X 0 , φ Ñ φ 0 for the functor R 0bR´. Suppose M , N are topologically free pseudocompact RΛ-modules. Then every continuous R 0 Λ-module homomorphism π : M 0 Ñ N 0 can be lifted to a continuous 
The following remark (which replaces [6, Remark 5.2] in our situation) shows how one can relate a morphism f in C´pRΛq to a morphism g in C´pRΛq that is surjective on terms.
Remark 2.3.5. Suppose R P ObpĈq. Let M ‚ and N ‚ be two bounded above complexes of pseudocompact RΛ-modules, and let f : M ‚ Ñ N ‚ be a morphism in C´pRΛq. Let P ‚ be a bounded above complex of topologically free pseudocompact RΛ-modules such that there is a quasi-isomorphism
C´pRΛq that is surjective on terms. Then the mapping cone C ‚ of P ‚ r´1s
id Ý Ñ P ‚ r´1s is an acyclic complex, and there is a morphism π :
C´pRΛq that is surjective on terms.
Then g is surjective on terms, s is a quasi-isomorphism and g˝s " f . Suppose there is a surjective morphism R 1 Ñ R inĈ, and there is a bounded above complex X ‚ of topologically free pseudocompact
Since RΛ " Rb R1 R 1 Λ, there exists a bounded above complex Q ‚ of topologically free pseudocompact R 1 Λ-modules with
Next, we look at quasi-lifts of V ‚ in the case when the endomorphism ring of V ‚ in D´pΛq is isomorphic to k. We need the following remark. Remark 2.3.6. DefineF 1 (resp. F 1 ) to be the functor fromĈ (resp. C) to the category Sets that sends R to the setF 1 pRq (resp. F 1 pRq) of isomorphism classes of quasi-lifts of V ‚ over R that are represented by bounded above complexes of topologically free pseudocompact RΛ-modules.
Using Remark 2.1.9(i), it follows as in the proof of [6, Lemma 4.2] that the natural transformation
Using Remark 2.3.6 and Lemma 2.3.3, the following result is proved in a similar way to [6, Prop.
2.4. Proof of Theorem 2.1.12. In this subsection, we prove Theorem 2.1.12. We follow the argumentation in Sections 5 through 7 of [6] and explain how the key steps are adapted to our situation. As in [6] , we use Schlessinger's criteria pH1q -pH4q for the pro-representability, respectively for the existence of a pro-representable hull, of a functor of Artinian rings. We refer to [32, Thm. 2.11 ] for a precise description of these criteria pH1q -pH4q. 
Let D be the pullback D " AˆC B " tpa, bq P AˆBˇˇαpaq " βpbqu. Consider the natural map
Claim 1. If β is surjective, then χ D is surjective. In particular, this implies that pH1q is always satisfied for F D .
To prove Claim 1, suppose rX
By Remark 2.2.7, we can assume the following. The complex X ‚ A (resp. X ‚ B ) is a bounded above complex of abstractly free finitely generated AΛ-modules (resp. BΛ-modules), τ is given by a quasi-isomorphism in C´pCΛq, and ξ A (resp. ξ B ) is given by a quasiisomorphism in C´pΛq. By Remark 2.3.5, we can add to X ‚ B an acyclic complex of abstractly free finitely generated BΛ-modules to be able to assume that τ is surjective on terms. We can now complete the proof of Claim 1 in a similar way to the proof of [6, Lemma 5.3] .
Claim 2. If β is surjective, and either Hom
In particular, this implies that pH2q is always satisfied for F D , and pH4q is satisfied if
Since F fl is a subfunctor of F by Remark 2.1.11, it is enough to prove Claim 2 in the case when
Hence, in either case there exists a unit α C P C, with image 1 in k, such that ϕ C is multiplication by α C in D´pCΛq. By Remark 2.2.7, we can assume the following. 
Since β is surjective, D Ñ A is also surjective. By Remark 2.3.5, we can add to Z ‚ D an acyclic complex of abstractly free finitely generated DΛ-modules to be able to assume that τ A is surjective on terms. We can now complete the proof of Claim 2 in a similar way to the proof of [6, Lemma 5.4] . Proposition 2.4.2. Let krεs be the ring of dual numbers over k where ε 2 " 0.
(i) The tangent space t F is a vector space over k, and there is a k-vector space isomorphism
(ii) Composing the natural injection t F fl Ñ t F with h, we obtain an isomorphism between t F fl and the kernel of the natural forgetful map
Proof. The proof of part (i) closely follows the proof of [6, Lemma 6.1]. By Remark 2.1.11, we may assume that V ‚ is a bounded above complex of topologically free pseudocompact Λ-modules. Suppose pM ‚ , φq is a quasi-lift of V ‚ over krεs. By Remark 2.3.6, we can assume that M ‚ is a bounded above complex of topologically free pseudocompact krεsΛ-modules. We have a short exact sequence
We obtain a distinguished triangle in K´pkrεsΛq
where g i pbq " p0, bq and f i pa, bq "´a. We define two morphisms in C´pkrεsΛq
by p0, πq i pa, bq " π i pbq and ψ i pεxq " π i pxq. The kernel of p0, πq is the mapping cone of εM
‚ which is acyclic; hence p0, πq is a quasi-isomorphism. The morphism ψ is an isomorphism of complexes with inverse ψ´1 given by pψ´1q i pπ i pxqq " εx. Let Cpf q ‚ be the mapping cone of f from (2.6). By the triangle axioms (TR2) and (TR3) (see, for example, [34 
where the downward arrows are quasi-isomorphisms in C´pkrεsΛq. Hence the diagram
Because of (2.8), we obtain a distinguished triangle
in D´pkrεsΛq. Using the isomorphism φ :
we obtain a morphism
associated tof , namelyf 1 " φ 1˝f˝φ´1 , where φ 1 " φr1s˝ψr1s and ψ is as in (2.7). We define a mapĥ
As in the proof of [6, Lemma 6.1], it follows thatĥ is a well-defined injective set map. Moreover, it follows that if pX ‚ , ξq is given by
Because the mapĥ in (2.10) is injective and the inflation map
is injective, we obtain an injective map
krεsΛ pf 1 q . Since Schlessinger's criterion pH2q is valid by Proposition 2.4.1, it follows from [32, Lemma 2.10] that t F " F pkrεsq has a vector space structure. Hence we obtain as in the proof of [6, Lemma 6.1] that the map h is k-linear and surjective. More precisely, an element α P Hom D´pΛq pV ‚ , V ‚ r1sq defines a quasi-lift, and hence a deformation, of V ‚ over krεs as follows. Since V ‚ is assumed to be a bounded above complex of topologically free pseudocompact Λ-modules, α : V ‚ Ñ V ‚ r1s can be represented by a morphism in C´pΛq. Define an ε-action on the mapping cone Cpαr´1sq ‚ by εpa, bq " p0, aq for all pa, bq P Cpαr´1sq ‚ are topologically free pseudocompact, and hence abstractly free, krεs-modules. In this case M ‚ is isomorphic in D´pkrεsq to a bounded complex with trivial differentials whose term in degree n is a free krεs-module of rank dim k H n pV ‚ q for all integers n. Therefore, all proflat quasi-lifts pM ‚ , φq of V ‚ over krεs are isomorphic in D´pkrεsq, when we forget the Λ-action. This means that the tangent space t F fl is mapped to t0u under the forgetful map (2.5). Suppose now that α P Ext 1 D´pΛq pV ‚ , V ‚ q is mapped to the zero morphism under (2.5). Then it follows from the proof of part (i) that the deformation rM ‚ , φs of V ‚ over krεs corresponding to α is equal to the trivial deformation rX ‚ , ξs of V ‚ over krεs where
‚ is completely split in D´pkq, it follows that the cohomology groups of X ‚ are abstractly free, and hence topologically free, over krεs. Thus rM ‚ , φs is a proflat deformation of V ‚ over krεs. This completes the proof of part (ii), and hence of Proposition 2.4.2. 
We first prove the following claim, which replaces the assumption in [6] that G has finite pseudocompact cohomology in our situation.
To prove Claim 1, we note that by Remark 2.1.1(iii), Ext j Λ pM 1 , M 2 q is computed by using a projective resolution of M 1 in PCModpΛq. Since dim k M 1 is finite, there exists a resolution of M 1 in PCModpΛq consisting of abstractly free finitely generated Λ-modules. In other words, Ext j Λ pM 1 , M 2 q can be identified with the corresponding j-th Ext group in the category of finitely generated Λ-modules. The latter group is known to be a finite dimensional k-vector space, which proves Claim 1.
Claim 2. Suppose n is a non-negative integer, and
) is a complex of pseudocompact Λ-modules whose terms are concentrated between the degrees´n 1 and´n 1`n (resp. betweeń n 2 and´n 2`n ), for integers n 1 and n 2 . Then for all integers j, Ext
Claim 2 is proved by induction on n.
) is a module in degree´n 1 (resp.´n 2 ). Hence
which has finite k-dimension by Claim 1. We can now complete the proof of Claim 2 in a similar way to the proof of [6, Prop. 6.4] . , we may assume, without loss of generality, that V ‚ is a bounded above complex of abstractly free finitely generated Λ-modules. Let R be an object ofĈ with maximal ideal m R . Consider the natural map
is the natural surjection for all i. We first show that Ξ D is surjective. Suppose we have a sequence of deformations trM
R q for all i such that there is an isomorphism
We need to construct a quasi-lift pM ‚ , φq with rM ‚ , φs PF D pRq such that, for all i, there is an isomorphism 
R qΛ-modules to be able to assume thatα i is surjective on terms. Continuing this process inductively, we obtain an inverse system of quasi-lifts
where rN
i is a complex of abstractly free finitely generated pR{m i R qΛ-modules such that in the diagram (2.13 )
all arrows are morphisms in C´ppR{m i`1 q "β i , whereα i is as defined in (2.12), and ψ i˝p kb R{m i
We now show that Ξ D is injective. SinceF fl is a subfunctor ofF by Remark 2.1.11, it is enough to show that Ξ D is injective in the case whenF D "F . We notice that in the proof of [6, Prop. 7.2] an assumption was made to arrive at a morphism f i as in [6, Eq. (7.5) ]. This needs more explanation, which we will now provide in our situation. We first prove three claims. Claim 1. Let rM ‚ , φs PF pRq. For all positive integers i, define
Then Z i is a finitely generated nilpotent pR{m i R q-module. To prove Claim 1, we first use Remarks 2.1.4 and 2.3.6 to assume without loss of generality that M ‚ is a bounded above complex of topologically free pseudocompact RΛ-modules. Hence (2.14)
It is obvious that Z i is an pR{m i R q-module. Suppose H j pV ‚ q " 0 for j ă n 1 and j ą n 2 . By Theorem 2.2.9, it follows that also H j ppR{m i R qb R M ‚ q " 0 for j ă n 1 and j ą n 2 . By Lemma 2.2.3(i), there exists a bounded above complex N ‚ i of abstractly free finitely generated pR{m i R qΛ-modules such that there is an isomorphism pR{m
Claim 2 follows almost immediately from Claim 1. Namely, by Claim 1, Z i is a finitely generated module over the Artinian ring R{m i R . In particular, Z i is Artinian. Consider the descending chain of submodules
pZ i`2 q Ě . . . Since Z i is Artinian, this must stabilize after finitely many steps, proving Claim 2.
To prove Claim 3, we can assume, as in the proof of Claim 1, that M ‚ and Ă M ‚ are bounded above complexes of topologically free pseudocompact RΛ-modules. In particular, Z i is given as in p2.14q. For each positive integer i, define
which is a subset of Z i , and define σ i : S i`1 Ñ S i by the restriction of τ i`1 i to S i . Then σ i is a well-defined surjecive map for all i ě 1. By Claim 2, for each i ě 1 there exists a positive integer N i ě i such that S i " τ Ni i pZ Ni q. Assume N i ě i is chosen to be smallest with this property. Note that by construction, N i ď N i`1 for all i.
By our assumptions for Claim 3, 
K´pΛq for all i ě 1. We define f 1 "f 1 and f 2 "f 2 . Then
For all j ě 2, define ζ pjq j " ζ j to be the element in S j defined in (2.16). Inductively, for all ℓ ě 1 and all j ě ℓ`2, use that σ j´1 : S j Ñ S j´1 is surjective to choose an element ζ pjq j´ℓ P S j with σ j´1 pζ pjq j´ℓ q " ζ pj´1q j´ℓ . In particular, this means that for all j ě 3 and all 2 ď i ă j, the element ζ pjq i P S j is such that for all t with i ď t ă j, pσ t˝σt`1˝¨¨¨˝σj´1 q pζ pjq i q " ζ ptq i . For all j ě 3, we define
where we use Claim 1 to see that, for all 2 ď i ď j, ζ pjq i P S j Ď Z j is nilpotent, and hence pId j`ζ pjq i q is invertible in K´ppR{m j R qΛq. We obtain
R qΛq, where the second to last equality follows from p2.16q. Moreover, we have
in K´pΛq, where the second equation follows since all ζ i P S i Ď Z i . This proves Claim 3.
We are now ready to prove that Ξ D in (2.11) is injective in the case whenF D "F . Suppose
As in the proof of Claim 1, we can assume without loss of generality that M ‚ and Ă M ‚ are bounded above complexes of topologically free pseudocompact RΛ-modules. Hence it follows from Claim 3 that for all i ě 1, there exist isomorphisms
Suppose that for all i, f i is represented by a quasi-isomorphism in C´ppR{m i R qΛq. By Remark 2.3.5, we can add to M ‚ a suitable acyclic bounded above complex of topologically free pseudocompact RΛ-modules to be able to assume that all f i are surjective on terms. Define h 1 " f 1 . As in the proof of [6, Prop. 7.2], we can construct inductively, for all i, a quasi-isomorphism
R qΛq that is surjective on terms such that h i is homotopic to f i and such that pR{m
is an isomorphism in K´pRΛq with r φ˝pkb R hq " φ in K´pΛq. This completes the proof of Proposition 2.4.4. Remark 2.4.5. Note that we can prove claims that are similar to Claims 1 -3 in the proof of Proposition 2.4.4 to also provide more details in the proof of the continuity of the deformation functor defined in [6] . As mentioned above, the main point is that in the proof of the injectivity of the map Γ D defined in the proof of [6, Prop. 7.2] an assumption was made to arrive at a morphism f i as in [6, Eq. (7.5)] that needs more explanation. We now briefly sketch the necessary arguments.
Suppose G is a profinite group with finite pseudocompact cohomology, as defined in [6, Def. 2.13]. Make the assumptions on k andĈ as in [6] . Assume V ‚ is a complex in D´prrkGssq that has only finitely many non-zero cohomology groups, all of which have finite k-dimension. Let ‚ is a bounded above complex of abstractly free finitely generated rkpG{∆qs-modules. Let R be an object ofĈ with maximal ideal m R , and consider the natural map Claim G.1. Let rM ‚ , φs PF pRq. For all positive integers i, define
Then Z i is a finitely generated nilpotent pR{m 
The proofs of Claims G.1 -G.3 are rather similar to the proofs of Claims 1 -3 in the proof of Proposition 2.4.4. We use [6, Lemma 4.2] to be able to assume that M ‚ (and in Claim G.3 also Ă M ‚ ) is a bounded above complex of topologically free pseudocompact rrRGss-modules. If H j pV ‚ q " 0 for j ă n 1 and j ą n 2 , then we use [7, Thm. 2.10] to argue that H j ppR{m i R qb R M ‚ q " 0 for j ă n 1 and j ą n 2 . Moreover, we use [6, Cor. 3.6(i)] to see that there exists a closed normal subgroup ∆ i of finite index in G and a bounded above complex N ‚ i of abstractly free finitely generated rpR{m We now return to the situation in the present paper and, in particular, to the assumptions put forward in Section 2.1.
Special complexes V
‚ . In this section we consider several cases of more special complexes V ‚ . Namely, we consider one-term and two-term complexes, and completely split complexes. The results are adapted from [6, Sects. 9 and 11].
We first recall the deformation functor associated to a finitely generated Λ-module that was studied in [9] .
Remark 2.5.1. Let C be a finitely generated Λ-module, and let R be an object ofĈ. According to [9, Sect. 2], a lift of C over R is a pair pL, λq consisting of a finitely generated RΛ-module L that is abstractly free as an R-module together with a Λ-module isomorphism λ : k b R M Ñ V . Two lifts pL, λq and pL 1 , λ 1 q of C over R are said to be isomorphic if there is an
A deformation of C over R is an isomorphism class of lifts of C over R. We denote the deformation of C over R represented by pL, λq by rL, λs. The deformation functorF C :Ĉ Ñ Sets is defined to be the covariant functor that sends an object R ofĈ to the setF C pRq of all deformations of C over R, and that sends a morphism α : R Ñ R 1 in C to the set mapF C pRq ÑF C pR 1 q given by rL, λs Þ Ñ rR 1 b R,α L, λ α s where λ α is the composition Proof. The proof of Proposition 2.5.2 closely follows the proof of [6, Prop. 9.1]. It will suffice to show that the functorF :Ĉ Ñ Sets defined by the isomorphism classes of quasi-lifts of V ‚ is naturally isomorphic to the functorF C from [9] (see Remark 2.5.1). BecauseF andF C are continuous (see Proposition 2.4.4 and [9, Prop. 2.1]), it will suffice to show that the restrictions F and F C of these functors to C are naturally isomorphic. Without loss of generality we can assume C " H 0 pV ‚ q and V ‚ is the one-term complex with V 0 " C and V i " 0 for i ‰ 0 (see Remark 2.1.11). If R is an Artinian ring in ObpCq and pM ‚ , φq is a quasi-lift of V ‚ over R, then M ‚ has nonzero cohomology only in degree 0 by Lemma 2.2.8. Hence pM ‚ , φq is isomorphic to a quasi-lift pM 1 ‚ , φ 1 q where M 1 0 " H 0 pM ‚ q and M 1 i " 0 otherwise. Since, by Lemma 2.2.5, M ‚ has finite pseudocompact R-tor dimension at 0, it follows by Remark 2.1.6 and Lemma 2.2.8 that M 1 0 has projective dimension 0 as abstract R-module. Hence M 1 0 is an abstractly free R-module because
‚ in the derived category. We have now shown that pM 1 0 , φ 1 0 q is a lift of C over R, in the sense of [9] , and the isomorphism class of pM 1 0 , φ 1 0 q as a lift of C over R determines the isomorphism class of pM ‚ , φq as a quasi-lift of V ‚ over R. Conversely, suppose pL, λq is a lift of C over R, in the sense of [9] . Then L is an abstractly free R-module of rank equal to dim k C. Since R is Artinian, this implies that L is a discrete RΛ-module of finite length, and hence a pseudocompact RΛ-module. Thus the complex L ‚ with L 0 " L and L i " 0 for i ‰ 0 together with the morphism
C´pΛq given by ψ 0 " λ and ψ i " 0 for i ‰ 0 defines a quasi-lift pL ‚ , ψq of V ‚ over R. This shows F and F C are naturally isomorphic functors.
Remark 2.5.3. Suppose V ‚ has precisely two non-zero cohomology groups. Without loss of generality, we can assume these groups are U 0 " H 0 pV ‚ q and U´n " H´npV ‚ q for some n ą 0, both of finite k-dimension by Hypothesis 1. We will also regard U 0 , U´n as complexes concentrated in degree 0. In particular, we obtain a distinguished triangle in D´pΛq of the form
By the triangle axioms, there exists a complex Cpβq ‚ in D´pΛq, which is unique up to isomorphism, such that
is a distinguished triangle in D´pΛq. In other words, V ‚ -Cpβq ‚ r´1s in D´pΛq. The statements and proofs of [6, Sect. 9] can be adapted to our situation. Here is a summary of some of the main results: 
We have the following description of the tangent space of the proflat deformation functor F fl using Remark 2.1.
consisting of those elements f P t F satisfying πr1s˝f˝ι " 0 in Hom D´pΛq pU´1r1s, U 0 r1sq, where ι and π are as in (2.17) for n " 1. (iii) Suppose that U´n and U 0 have universal deformation rings R´n and R 0 and universal deformations rX´n, ψ´ns and rX 0 , ψ 0 s, respectively, in the sense of [9] , and that
Then the versal proflat deformation ring R fl pΛ, V ‚ q is universal and isomorphic to R´nb k R 0 .
Remark 2.5.4. Suppose V ‚ is isomorphic in D´pΛq to a complex whose differentials are trivial. Thus in D´pΛq, V ‚ is isomorphic to the direct sum À i H i pV ‚ qr´is, where there are only finitely many non-zero terms in this sum and all terms have finite k-dimension by Hypothesis 1. Without loss of generality, we can assume that all the differentials of V ‚ are trivial, so H i pV ‚ q " V i for all i. In this situation, a split quasi-lift of V ‚ over an object R ofĈ is a proflat quasi-lift pM ‚ , φq of V ‚ over R such that M ‚ is isomorphic in D´pRΛq to a complex whose differentials are trivial. A split deformation is the isomorphism class of a split quasi-lift. LetF sp "F sp V ‚ :Ĉ Ñ Sets be the functor that sends each object R ofĈ to the setF sp pRq of all split deformations of V ‚ over R. The statements and proofs of [6, Sect. 11] can be adapted to our situation. Here is a summary of some of the main results:
sp is isomorphic to the product of the functors onĈ associated to deformations, in the sense of [9] , of the non-zero cohomology groups of V ‚ considered as Λ-modules. Moreover, the functorF sp is naturally isomorphic to the functorF fl . (ii) The versal split deformation ring R sp pΛ, V ‚ q associated to the split deformation functorF sp is the tensor productÂ i RpΛ, V i q over k of the versal deformation rings, in the sense of [9] , of the non-zero cohomology groups of V ‚ . Suppose rU pΛ, V i q, φ i s is the versal deformation of V i , in the sense of [9] , when V i " H i pV ‚ q ‰ t0u. A versal split deformation of V ‚ is represented by the direct sum
where i runs over those integers for which H i pV ‚ q ‰ t0u, together with the morphism
The natural map on tangent spaces τ : F sp pkrεsq Ñ F pkrεsq may be identified with the natural inclusion
(iv) We have a non-canonical surjective continuous k-algebra homomorphism f sp : RpΛ, V ‚ q Ñ R sp pΛ, V ‚ q. If the versal deformation ring RpΛ, V i q is universal for all i, then R sp pΛ, V ‚ q is a universal split deformation ring. If in addition f sp is an isomorphism, then RpΛ, V ‚ q is a universal deformation ring for V ‚ .
Derived equivalences and stable equivalences of Morita type
In [3] , the first author proved that if k is a field of positive characteristic, and A and B are block algebras of finite groups over a complete local commutative Noetherian ring with residue field k, then a split-endomorphism two-sided tilting complex (as introduced by Rickard [30] ) for the derived categories of bounded complexes of finitely generated modules over A, resp. B, preserves the versal deformation rings of bounded complexes of finitely generated modules over kA, resp. kB.
It is the goal of Section 3.1 to prove an analogous result, Theorem 3.1.5, when k is an arbitrary field and A and B are replaced by arbitrary finite dimensional k-algebras. In Section 3.2, we will then study the connection to stable equivalences of Morita type for self-injective algebras; see Propositions 3.2.5 and 3.2.6. We assume the notation of Section 2.
If S is a ring, S-mod denotes the category of finitely generated left S-modules. Let C b pS-modq be the category of bounded complexes in S-mod, let K b pS-modq be the homotopy category of C b pS-modq, and let D b pS-modq be the derived category of K b pS-modq.
Deformations of complexes and derived equivalences.
Recall from Section 2 that we view the finite dimensional k-algebra Λ as a pseudocompact k-algebra with the discrete topology, and every finitely generated Λ-module as a pseudocompact Λ-module with the discrete topology. In particular, D b pΛ-modq can be identified with a full subcategory of the derived category D´pΛq of bounded above complexes of pseudocompact Λ-modules.
Suppose Γ is another finite dimensional k-algebra, and R P ObpĈq is arbitrary. Then RΛ and RΓ are free R-modules of finite rank. Rickard proved in [29] that the derived categories D b pRΛ-modq and D b pRΓ-modq are equivalent as triangulated categories if and only if there is a bounded complex P ‚ R of finitely generated RΓ-RΛ-bimodules and a bounded complex Q ‚ R of finitely generated RΛ-RΓ-bimodules such that By [29, Prop. 3 
‚ of finitely generated projective left RΓ-modules (resp. a bounded complex Y ‚ of finitely generated projective right RΛ-modules). Since RΓ and RΛ are free R-modules, projective bimodules for these algebras are projective as left and right modules. Let
be a projective RΓ-RΛ-bimodule resolution of P ‚ R such that all terms of T ‚ are finitely generated projective RΓ-RΛ-bimodules. By adding an acyclic complex of finitely generated projective RΓ-RΛ-bimodules to T ‚ if necessary, we can find quasi-isomorphisms
that are surjective on terms. More precisely, we construct the acyclic complex of finitely generated projective RΓ-RΛ-bimodules to be added to T ‚ inductively, starting from the right. Without loss of generality, assume T i " 0 " X i " Y i for i ą 0. Let F´1 be a finitely generated free RΓ-RΛ-bimodule such that there exists a surjective RΛ-module homomorphism φ´1 X : F´1 Ñ X´1 and a surjective RΓ-module homomorphism φ´1 Y : F´1 Ñ Y´1. Let ψ 0 X : F´1 Ñ X 0 be the composition δ´1 X˝φ´1 X , and let ψ
induce isomorphisms on the zero-th cohomology groups, it follows that f 0 " pψ
In other words, we have added the acyclic complex F´1 id Ý Ñ F´1, concentrated in the degrees´1 and 0, to T ‚ to ensure that the resulting homomorphismsf 0 andg 0 are surjective. Inductively, we now work our way to the left and add acyclic complexes of finitely generated free RΓ-RΛ-bimodules of the form F i´1 id Ý Ñ F i´1 , concentrated in the degrees i´1 and i, to T ‚ , for i ď´1 such that there exists a surjective RΛ-module homomorphism φ
X , and we let ψ
Replacing f byf and g byg, if necessary, we arrive at quasi-isomorphisms f , g as in (3.3) that are surjective on terms.
Since Kerpf q (resp. Kerpgq) is an acyclic complex of projective left RΓ-modules (resp. projective right RΛ-modules), it splits completely. If X i " 0 and Y i " 0 for all i ď n, it follows that Kerpδ n T q is isomorphic to the kernel of the n-th differential of Kerpf q (resp. Kerpgq) as a left RΓ-module (resp. right RΛ-module). But the latter kernel is projective as a left RΓ-module (resp. right RΛ-module). Hence we can truncate T ‚ at n:¨¨Ñ
op q-modq with the additional property that all the terms of this complex are projective as left and as right modules and that all terms, except possibly the leftmost non-zero term, are actually projective as bimodules. Similarly, we can assume that all terms of Q ‚ R are projective as left RΛ-modules and as right RΓ-modules and that all terms, except possibly the leftmost non-zero term, are actually projective as RΛ-RΓ-bimodules. In particular, we can take Q ‚ R to be the RΓ-dual
Definition 3.1.1. Let R P ObpĈq. Suppose P ‚ R is a bounded complex of finitely generated RΓ-RΛ-bimodules.
(a) We call P ‚ R a nice two-sided tilting complex, if all terms of P ‚ R are projective as left RΓ-modules and as right RΛ-modules and (3.5) is satisfied for r P ‚ R as in (3.4). (b) If R " k, then we write P ‚ " P ‚ R and r P ‚ " Hom Γ pP ‚ , Γq. In other words, P ‚ is a nice two-sided tilting complex if P ‚ is a bounded complex of finitely generated Γ-Λ-bimodules such that all terms of P ‚ are projective as left Γ-modules and as right Λ-modules and such that r
Remark 3.1.2. If Λ and Γ are symmetric k-algebras, then RΛ and RΓ are symmetric R-algebras for all R P ObpĈq, in the sense that RΛ (resp. RΓ), considered as a bimodule over itself, is isomorphic to its R-linear dual Hom R pRΛ, Rq (resp. Hom R pRΓ, Rq). In particular, the functors Hom RΓ p´, RΓq and Hom R p´, Rq are then naturally isomorphic. Therefore, under the assumptions made prior to (3.4), we may take Q ‚ R to be the R-dual (3.6) q P 
In particular, the functors P ‚ Rb RΛ´a nd r P ‚ Rb RΓ´p rovide quasi-inverse equivalences: P ‚ RbRΛ´: D´pRΛq Ñ D´pRΓq , and
R as complexes of RΛ-RΓ-bimodules. Since all terms of P ‚ are projective as left Γ-modules and as right Λ-modules, it follows that all terms of P ‚ R are projective as left RΓ-modules and as right RΛ-modules.
, we obtain (3.5). In other words, P ‚ R is a nice two-sided tilting complex in D b ppRΓ b R RΛ op q-modq. To prove the remaining statements of Lemma 3.1.3, we consider the isomorphisms in (3.5) more closely. First, we note that since the terms of P ‚ R are finitely generated projective left RΓ-modules and finitely generated projective right RΛ-modules and since the terms of r P ‚ R are finitely generated projective left RΛ-modules and finitely generated projective right RΓ-modules, we can replace the tensor products by completed tensor products. Moreover, since r
follows that this is also true in the derived category D´pΛ b k Λ op q of bounded above pseudocompact Λ-Λ-bimodules. Similarly, P ‚ b Λ r P ‚ -Γ in the derived category D´pΓ b k Γ op q of bounded above pseudocompact Γ-Γ-bimodules. Therefore, we obtain
in C´pRΓ b R RΓ op q, the isomorphisms in (3.7) follow. This proves that the functors in (3.8) are quasi-inverses between the derived categories of bounded above complexes of pseudocompact RΛ-and RΓ-modules, completing the proof of Lemma 3.1.3. D´pRΓq Ñ D´pRΛq .
In particular, we can identify the functors P Proof. By Remarks 2.1.11 and 3.1.4, we may assume, without loss of generality, that V ‚ is a bounded above complex of topologically free pseudocompact Λ-modules. We use the notation from Lemma 3.1.3. Let R P ObpĈq and let pM ‚ , φq be a quasi-lift of V ‚ over R. By Remark 2.1.9(i), we can assume that the terms of M ‚ are topologically free pseudocompact RΛ-modules. Since M ‚ has finite pseudocompact R-tor dimension, we can truncate M ‚ to obtain a complex N ‚ that is isomorphic to M ‚ in D´pRΓq such that N ‚ is a bounded complex of RΛ-modules, all of which are topologically free as R-modules.
Define
and N 1 ‚ are isomorphic objects of D´pRΓq. Since P ‚ R is a bounded complex of finitely generated projective right RΛ-modules and since N ‚ is a bounded complex of topologically free R-modules, it follows that N 1 ‚ is also a bounded complex of topologically free R-modules. But this means that there exists an integer n such that for all pseudocompact R-modules S and all integers i ă n we have
, and hence M 1 ‚ , both have finite pseudocompact R-tor dimension. Next we note that we can view K´pΛq as the full subcategory of K´pRΛq consisting of bounded above complexes of pseudocompact RΛ-modules on which the maximal ideal m R of R acts trivially. Moreover, on K´pΛq the functor P 1 is an isomorphism in D´pΓq. Since M ‚ is a bounded above complex of topologically free pseudocompact RΛ-modules and since we assumed that V ‚ is a bounded above complex of topologically free pseudocompact Λ-modules, we obtain φ 1 " P ‚ Rb RΛ φ. Therefore,
which means pM 1 ‚ , φ 1 q is a quasi-lift of V 1 ‚ . It follows that for each R P ObpĈq, the functor P ‚ Rb RΛí nduces a bijection τ R from the set of deformations of V ‚ over R onto the set of deformations of
It remains to show that the maps τ R are natural with respect to morphisms α : R Ñ R 1 in C. Considering pM ‚ , φq and pM 1 ‚ , φ 1 q as above, it suffices to show that pR
Since all the terms of P ‚ R are finitely generated projective right RΛ-modules and since all the terms of M ‚ are topologically free as R-modules, it follows that there is a natural isomorphism
This means that the functorsF V ‚ andF V 1 ‚ are naturally isomorphic, which implies Theorem 3.1.5.
3.2.
Stable equivalences of Morita type for self-injective algebras. We use the notation introduced in Section 3.1. Moreover, we assume throughout this section that both Λ and Γ are self-injective finite dimensional k-algebras.
If V is any finitely generated Λ-module or Γ-module, letF V :Ĉ Ñ Sets be the deformation functor considered in [9] (see also Remark 2.5.1), and let F V be its restriction to the full subcategory C of C consisting of Artinian rings.
We first collect some useful facts, which were proved as Claims 1, 2 and 6 in the proof of [9, Thm. 2.6], only using the assumption that Λ is a self-injective finite dimensional k-algebra. Note that we need to add the assumption that M (resp. M 0 ) is free over R (resp. R 0 ) in Claims 1 and 2 in the proof of [9, Thm. 2.6] . This makes no difference in the overall proof of [9, Thm. 2.6] since these claims were only used under this assumption.
Remark 3.2.1. Suppose Λ is a self-injective finite dimensional k-algebra. Let R, R 0 be Artinian rings in C, and let π : R Ñ R 0 be a surjection in C. Let M , Q (resp. M 0 , Q 0 ) be finitely generated RΛ-modules (resp. R 0 Λ-modules) that are free over R (resp. R 0 ), and assume that Q (resp. Q 0 ) is projective. Suppose there are R 0 Λ-module isomorphisms g :
(i) If ν 0 P Hom R0Λ pM 0 , Q 0 q, then there exists ν P Hom RΛ pM, Qq with ν 0 " h˝pR 0 b R,π νq˝g´1.
(ii) If σ 0 P End Λ pM 0 q factors through a projective R 0 Λ-module, then there exists σ P End RΛ pM q such that σ factors through a projective RΛ-module and σ 0 " g˝pR 0 b R,π σq˝g´1. Let P be a finitely generated projective Λ-module. Let ι R : k Ñ R be the unique morphism in C endowing R with a k-algebra structure, and let π R : R Ñ k be the morphism from R to its residue field k in C. Then π R˝ιR is the identity on k, and P R " R b k,ιR P is a projective RΛ-module cover of P , which is unique up to isomorphism. In particular, pP R , π R,P q is a lift of P over R, where π R,P is the natural isomorphism k b R,πR pR b k,ιR P q Ñ P of Λ-modules.
(iii) Suppose there is a commutative diagram of finitely generated RΛ-modules
in which T and C are free over R and the bottom row arises by tensoring the top row with k over R and using the Λ-module isomorphism π R,P : k b R,πR P R Ñ P . Then the top row of p3.10q splits as a sequence of RΛ-modules.
We need the following result, which is a generalization of [9, Thm. 2.6(iii)].
Lemma 3.2.2. Suppose Λ is a self-injective finite dimensional k-algebra and that V and P are finitely generated non-zero Λ-modules and P is projective. Then P has a universal deformation ring RpΛ, P q and RpΛ, P q -k. The deformation functorsF V andF V 'P are naturally isomorphic.
In particular, the versal deformation rings RpΛ, V q and RpΛ, V ' P q are isomorphic inĈ, and RpΛ, V q is universal if and only if RpΛ, V ' P q is universal.
Proof. Since P is a projective Λ-module, it follows that Ext 1 Λ pP, P q " 0, which implies by [9, Prop. 2.1] that the versal deformation ring of P is isomorphic to k. For each R P ObpĈq, let ι R : k Ñ R be the unique morphism inĈ endowing R with a k-algebra structure, and let π R : R Ñ k be the morphism from R to its residue field k inĈ. Then π R˝ιR is the identity morphism of k. This implies that k is the universal deformation ring of P .
Let R P ObpCq be Artinian. Define a map
where P R " R b k,ιR P and π R,P : k b R,πR P R Ñ P are as in Remark 3.2.1. Then (3.11) is a well-defined map that is natural with respect to morphisms α : R Ñ R 1 in C, since α˝ι R " ι R 1 and π R 1˝α " π R . Since the deformation functorsF V andF V 'P are continuous, it suffices to show that the map (3.11) is bijective for all R P ObpCq to complete the proof of Lemma 3.2.2.
Suppose first that pM, φq and pM 1 , φ 1 q are two lifts of V over R such that there exists an RΛ-
In particular, φ 1˝p k b f 11 q " φ and k b f 22 is the identity morphism on P . By Nakayama's Lemma, this implies that f 11 and f 22 are RΛ-module isomorphisms, since M and M 1 are free R-modules of the same finite rank. Therefore, rM, φs " rM 1 , φ 1 s and the map p3.11q is injective. We now show that the map p3.11q is surjective. Let pT, τ q be a lift of V ' P over R. Since P R is a projective RΛ-module, there exists an RΛ-module homomorphism g that makes the following diagram commute (3.12)
where pr is obtained by first tensoring P R with k over R and then using the Λ-module isomorphism π R,P : kb R,πR P R Ñ P . Then g induces an injective Λ-module homomorphism g 1 and a commutative diagram of Λ-modules (3.13)
where ι P : P Ñ V ' P is the natural injection and, as before, m R denotes the maximal ideal of R. Using Nakayama's Lemma, it follows that g is injective. Letting C be the cokernel of g, we obtain a commutative diagram (3.10). Since P R and T are free R-modules and since g and g 1 (and hence g " g 1˝π´1 R,P ) are injective, an elementary Nakayama's Lemma argument shows that C is also free as an R-module. Therefore, by Remark 3.2.1(iii), the top row of (3.10) splits as a sequence of RΛ-modules. Let j : C Ñ T be an RΛ-module splitting of h. By tensoring with k over R, we obtain a Λ-module splitting j :
Since τ˝g " τ˝g 1˝π´1 R,P " ι P by (3.13), there exists a Λ-module isomorphism ξ : k b R C Ñ V such that p V˝τ " ξ˝h, where p V : V ' P Ñ V is the natural projection onto V . Letting p P : V ' P Ñ P be the natural projection onto P , we have
By Remark 3.2.1(i), there exists an RΛ-module homomorphism λ : C Ñ P R such that
Letting j 1 " j´g˝λ shows that j 1 is also an RΛ-module splitting of h and j 1 " k b R j 1 is also a Λ-module splitting of h. Hence, on replacing j by j 1 and using the equations (3.14), we see that p V˝τ˝p k b R j 1 q " ξ and
This means that pj 1 , gq : C ' P R Ñ T provides an isomorphism between the lifts pC ' P R , ξ ' π R,P q and pT, τ q of V ' P over R. Hence the map (3.11) is bijective for all R P ObpCq, which completes the proof of Lemma 3.2.2.
The following definition of stable equivalence of Morita type goes back to Broué [11] . 
where P is a projective Λ-Λ-bimodule, and Q is a projective Γ-Γ-bimodule. In particular, X b Λá nd Y b Γ´i nduce mutually inverse equivalences between the stable module categories Λ-mod and Γ-mod. ‚ be a projective Γ-Λ-bimodule resolution of P ‚ such that all terms of T ‚ are finitely generated projective Γ-Λ-bimodules. For large n ą 0, we can truncate T ‚ to obtain a bounded complex
where all terms but S´n are projective Γ-Λ-bimodules and S´n is projective as a left Γ-module and as a right Λ-module. If we let X " Ω´n ΓΛ pS´nq, the p´nq-th syzygy as a Γ-Λ-bimodule, then S ‚ is isomorphic to the one-term complex X concentrated in degree 0 in
here r T i " Hom Γ pT´i, Γq for i ă n and r S n " Hom Γ pS´n, Γq. If we let Y " Ω n ΛΓ p r S n q, the n-th syzygy as a Λ-Γ-bimodule, then r S ‚ is isomorphic to the one-term complex Y concentrated in degree 
. Let V be a finitely generated Λ-module, and let
Proof. If we view V as a one-term complex concentrated in degree 0, then it follows from Proposition 2.5.2 and Theorem 3.1.5 that RpΛ, V q -RpΓ, P ‚ b Λ V q inĈ. We have that 
Since moreover RpΛ, V q -RpΛ, V ' pP b Λ Vby Lemma 3.2.2, we obtain that
Note that not every stable equivalence of Morita type between self-injective algebras is induced by a derived equivalence (see, for example, [13] and its references). Therefore, we next show that an arbitrary stable equivalence of Morita type between self-injective algebras preserves versal deformation rings. The arguments are very similar to those used in [4 Proof. Let R P ObpCq be Artinian. Then X R " R b k X is projective as left RΓ-module and as right RΛ-module, and Y R " R b k Y is projective as left RΛ-module and as right RΓ-module. Since
Y R b RΓ X R -RΛ ' P R as RΛ-RΛ-bimodules, and
where P R " R b k P is a projective RΛ-RΛ-bimodule and Q R " R b k Q is a projective RΓ-RΓ-bimodule. Since P is a projective Λ-Λ-bimodule, it follows that P b Λ V is a projective left Λ-module. By Lemma 3.2.2 it follows that P b Λ V has a universal deformation ring, which is isomorphic to k. In particular, every lift of P b Λ V over R is isomorphic to pR b k pP b Λ V q, π R,P bΛV q, where
Let now pM, φq be a lift of V over R. Then M is a finitely generated RΛ-module. Define
Since X R is a finitely generated projective right RΛ-module and since M is a finitely generated abstractly free R-module, it follows that M 1 is a finitely generated projective, and hence abstractly free, R-module.
Next we note that we can view Λ-mod as the full subcategory of RΛ-mod consisting of all finitely generated RΛ-modules on which the maximal ideal m R of R acts trivially. Moreover, on Λ-mod the functor X R b RΛ´c oincides with the functor X b Λ´. Define φ 1 " X R b RΛ φ, so φ 1 is a Γ-module isomorphism, since X R is projective as a right RΛ-module. Then
We therefore obtain for all R P ObpCq a well-defined map
We need to show that τ R is bijective. Arguing as in (3.16), we see that
Since pP R b RΛ M, P R b RΛ φq is a lift of the projective Λ-module P b Λ V over R, it follows from Lemma 3.2.2 that τ R is injective. Now let pL, ψq be a lift of
Arguing similarly as in (3.17), we then have that pL
Arguing again similarly as in (3.17) and using Lemma 3.2.2, we have
Thus by Lemma 3.2.2, it follows that pL, ψq -pM 1 , φ 1 q, i.e. τ R is surjective. To show that the maps τ R are natural with respect to morphisms α : R Ñ R 1 in C, consider pM, φq and pM 1 , φ 1 q as above. Since X R is a projective right RΛ-module and M is a free R-module, there exists a natural isomorphism
It is straightforward to see that f provides an isomorphism between the lifts
Since the deformation functorsF V andF V 1 are continuous, this implies that they are naturally isomorphic. Hence the versal deformation rings RpΛ, V q and RpΓ, V 1 q are isomorphic inĈ. Moreover, RpΛ, V q is universal if and only if RpΓ, V 1 q is universal.
The following two remarks will be important in Section 4.
Remark 3.2.7. Using the notation of Proposition 3.2.6, suppose that the stable endomorphism ring End Λ pV q is isomorphic to k. Then it follows that End Γ pV 1 q is also isomorphic to k. Because Λ and Γ are self-injective, this implies by [9, Thm. 2.6 ] that the versal deformation rings RpΛ, V q and RpΓ, V 1 q are in fact universal. Since End Γ pV 1 q " k, there exists a non-projective indecomposable Γ-module V Denote by mod P pΛq (resp. mod P pΓq) the full subcategory of Λ-mod (resp. Γ-mod) whose objects are the modules that have no non-zero projective summands, and denote the correspondence between mod P pΛq and mod P pΓq that is induced by G again by G. Let
Ý ÝÝ Ñ C Ñ 0 be an almost split sequence in Λ-mod where A, B, C are in mod P pΛq, B is non-zero and P is projective. Then, by [2, Prop. X.1.6], for any morphism g 1 : GpBq Ñ GpCq with Gpgq " g 1 in Γ-mod, there is an almost split sequence
ÝÝÝÑ GpCq Ñ 0 in Γ-mod where P 1 is projective and Gpf q " f 1 in Γ-mod. Suppose now additionally that Λ and Γ are symmetric algebras with no blocks of Loewy length 2. Then it follows by [2, Cor. X.1.9 and Prop. X. 1.12 ] that the stable Auslander-Reiten quivers of Λ and Γ are isomorphic stable translation quivers, and G commutes with the syzygy functor Ω.
If V and V 1 are as in Proposition 3.2.6, this means, in particular, that the stable AuslanderReiten quiver components of V and V 1 match up, including the relative positions of V and V 1 in these components. We will see in Section 4 how to use this to transfer results about universal deformation rings of Λ-modules V with End Λ pV q " k to results about the universal deformation rings of the corresponding Γ-modules V 1 .
A family of examples
We use the notation from Section 3. Moreover, we assume that k is an algebraically closed field. In this section, we consider the derived equivalence classes of the family of symmetric k-algebras Dp3Rq introduced by Erdmann in [14] . In Section 4.1, we describe these derived equivalence classes, which were obtained by Holm in [19, Sect. 3.2] . In Section 4.2, we apply the results from Section 3 together with the results in [9] and [33] to obtain universal deformation rings of Λ-modules for other algebras Λ of dihedral type that are derived equivalent to members of the family Dp3Rq.
4.1.
The derived equivalence classes of the algebras in the family Dp3Rq. In [14] , Erdmann introduced the symmetric k-algebras of dihedral type Dp3Rq a,b,c,d , for integers a ě 1, b, c, d ě 2, see Figure 1 .
In [19, Sect. 3.2] , Holm determined all algebras of dihedral type with precisely three isomorphism classes of simple modules that are derived equivalent to Dp3Rq a,b,c,d for various a, b ě 1; c, d ě 2. Note that for a ě 1; c, d ě 2, we define the algebra Dp3Rq a,1,c,d as in Figure 2 . Holm showed in [19, Thm. 3.4] that no block of a group algebra with dihedral defect groups is derived equivalent to 
4.2.
Universal deformation rings for algebras in the derived equivalence classes of members of Dp3Rq. In [8] , [9] and [33] , the universal deformation rings of certain modules of Dp3Rq a,b,c,d were determined for various a, b ě 1; c, d ě 2. Recall that it follows from [9, Thm. 2.6] (see also Remark 3.2.7) that if Λ is a self-injective finite dimensional k-algebra and V is a finitely generated Λ-module whose stable endomorphism ring is isomorphic to k then the versal deformation ring RpΛ, V q is universal.
Remark 4.2.1. In [8] , the first author and S. Talbott studied the case Dp3Rq 1,1,2,2 , which is of polynomial growth, and determined all indecomposable Dp3Rq 1,1,2,2 -modules whose stable endomorphism rings are isomorphic to k, together with their universal deformation rings.
Using Figure 3 , we obtain the following list of Morita equivalence classes of algebras of dihedral type that are derived equivalent to Dp3Rq Moreover, C i,j " ΩpC i,j q if and only if j " 2. (iii) Suppose a ě 2 and b " 1. Then there are at least four components C " C i,j for pi, jq P tp1, aq, p2, aq, p3, cq, p4, dqu such that the following is true: There are precisely three Ω-orbits of modules in C i,j Y ΩpC i,j q whose stable endomorphism rings are isomorphic to k, represented by V i,j,0 , V i,j,1 , V i,j,2 such that V i,j,1 is a successor of V i,j,0 that does not lie in the Ω-orbit of V i,j,0 , V i,j,2 is a successor of V i,j,1 that does not lie in the Ω 2 -orbit of V i,j,0 , and RpΛ, V i,j,0 q -krrtss{pt j q, RpΛ, V i,j,1 q -k, RpΛ, V i,j,2 q -krrtss.
Moreover, C i,j " ΩpC i,j q if and only if j " 2. (iv) Suppose a ě 2 and b ě 2. Then there are at least nine components C " C i,j for pi, jq P tp1, aq, p2, aq, p3, aq, p4, bq, p5, cq, p6, dq, p7, 8q, p8, 8q, p9, 8qu such that the following is true: There are precisely three Ω-orbits of modules in C i,j Y ΩpC i,j q whose stable endomorphism rings are isomorphic to k, represented by V i,j,0 , V i,j,1 , V i,j,2 such that V i,j,1 is a successor of V i,j,0 that does not lie in the Ω-orbit of V i,j,0 , V i,j,2 is a successor of V i,j,1 that does not lie in the Ω 2 -orbit of V i,j,0 , and RpΛ, V i,j,0 q -" krrtss{pt j q : j ‰ 8 krrtss : j " 8 * , RpΛ, V i,j,1 q -k, RpΛ, V i,j,2 q -krrtss.
Moreover, C i,j " ΩpC i,j q if and only if j " 2. 
